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Abstract
We show that a solution of the type IIB supergravity representing
D3-branes in the presence of a 2-form background has 16 supersymme-
tries by explicitly constructing the transformation parameter of unbroken
supersymmetry. This solution is dual to a noncommutative Yang-Mills
theory in a certain limit.
∗
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1. Introduction
The local supersymmetry in supergravities is directly connected to other local
symmetries, such as the gauge symmetry and the general covariance as well as the
local Lorentz symmetry, as can be seen in the commutator algebra of the transforma-
tions. On the other hand, noncommutative theories can have supersymmetry while
the Lorentz symmetry is broken by the presence of a constant 2-form background
Bµν . It is conjectured that a noncommutative super Yang-Mills theory with con-
stant B23 has 16 supersymmetries [1, 2]. Thus, it is interesting to see the relation
between the supersymmetry and the local Lorentz symmetry in the supergravity,
which is dual to the noncommutative field theory with the Lorentz symmetry intu-
itively broken.
In this paper we show that a solution of the type IIB supergravity representing
D3-branes in the presence of non-vanishing B01, B23 backgrounds has 16 super-
symmetries, although the Lorentz symmetry is broken on the world volume. This
solution was obtained in ref. [3] by a Wick rotation from the Euclidean solution
representing smeared bound states of D(−1), F1, D1 and D3 branes. It originally
appeared in the context of the T-duality map [4], and was discussed as D-brane
bound states [5, 6]. In order to study supersymmetry we use the Lorentzian solu-
tion rather than the Euclidean one since it is not clear how to define supersymmetry
in the Euclidean space.
We substitute this solution into the supertransformations of the fermionic fields
in the type IIB supergravity and obtain the conditions on the transformation pa-
rameter of unbroken supersymmetry. The general form of the parameter satisfying
these conditions contains an arbitrary constant spinor which has 16 independent
components. Therefore, we find that 16 supersymmetries exist in four dimensions.
This remains true even when we turn off B01 or when we take the decoupling limit
[3]. We will see that the parameter of unbroken supersymmetries explicitly depends
on the scalar field τ , the angles of the D-branes tilted in the 01 and 23 directions
and the harmonic functions appearing in the metric.
The number of supersymmetries may be partly explained by the isometry SO(6)
= SU(4) of S5 contained in the solution. The solution with vanishing 2-form back-
ground has N = 4 Poincare´ supersymmetry in four dimensions [7], whose four-
component spinor transformation parameters are independent of the four-dimensional
coordinates xµ. It also has the conformal supersymmetry with xµ-dependent trans-
2
formation parameters. We will see that the solution with non-vanishing 2-form
background has the same number of supersymmetries with xµ-independent parame-
ters, but the spinor transformation parameters satisfy a certain condition and have
only two independent components. There is no conformal supersymmetry in this
case.
In refs. [8, 9] the D-brane effective action was obtained as a solution to the
Hamilton-Jacobi equation for the type IIB supergravity compactified on S5. The
ADM formalism for the 5-dimensional space-time was used by treating the radial
coordinate r as time. Although only the bosonic part of the effective action has been
studied, it brought about remarkable results to find new supergravity solutions. The
effective action obtained there includes a broad family of super Yang-Mills theories
by only assuming that 2-form fields are constant at the surface of constant radius
r. The geometries dual to the field theories described by this effective action are
not known in general. However, there are some known geometries which are dual to
the field theories brought by the Hamilton-Jacobi formalism. The noncommutative
Yang-Mills theory and the ordinary super Yang-Mills theory are solutions to the
Hamilton-Jacobi equation. The dual geometry of the noncommutative Yang-Mills
theory is a near horizon limit of a supergravity solution of N D3-branes in a non-
vanishing B23 background. The dual geometry of the ordinary super Yang-Mills
theory is obtained in the limit of vanishing B23 [10].
To know more about the general super Yang-Mills theories which is derived
as a solution to the Hamilton-Jacobi equation, and to look for the corresponding
dual geometries, it is useful to consider the solution with a non-vanishing 2-form
extended in the 01 and 23 directions and non-vanishing 0-forms, and to see how
supersymmetries survive. It is also important to look at the correspondence between
the symmetries of the supergravity and those of the field theory in the light of the
AdS/CFT correspondence, as the maximal supersymmetric case shows that the local
symmetries in the supergravity become the global symmetries of the field theory on
the boundary [11].
We write down the supertransformations of the type IIB supergravity in the
string frame in Section 2, and give the explicit form of the solution with non-
vanishing 2-form fields in Section 3. In Section 4 we substitute the solution into
the supertransformations and find the parameter of unbroken supersymmetry.
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2. Type IIB supergravity in ten dimensions
The field content of the type IIB supergravity in ten dimensions [12, 13] is a viel-
bein eM
A, a complex Rarita-Schwinger field ψM , a real fourth-rank antisymmetric
tensor field DMNPQ with a self-dual field strength, two real second-rank antisym-
metric tensor fields BMN , CMN , a complex spinor field λ and a complex scalar
field τ = χ + ie−φ. We use the string frame rather than the Einstein frame. In
the string terminology χ, CMN and DMNPQ are 0, 2, 4-form fields in the R-R sec-
tor, while BMN and φ are a 2-form field and a dilaton in the NS-NS sector. We
denote ten-dimensional world indices as M,N, · · · = 0, 1, · · · , 9 and local Lorentz
indices as A,B, · · · = 0, 1, · · · , 9. The fermionic fields satisfy chirality conditions
Γ¯10DψM = −ψM , Γ¯10Dλ = λ, where Γ¯10D = Γ
0Γ1 · · ·Γ9 is the ten-dimensional chi-
rality matrix. We choose the ten-dimensional gamma matrices ΓA to have real com-
ponents. The gamma matrices with the world indices are denoted as ΓˆM = ΓAeA
M .
The local supersymmetry transformations of the fermionic fields in the string
frame can be obtained from those in the Einstein frame [12, 13] and are given by
κδλ = −e
1
4
φ
(
ΓˆMǫ∗PM +
1
24
eφΓˆMNP ǫGMNP
)
,
κδψM =
[
∂M +
1
4
(
ωM
ABΓAB +
1
2
∂NφΓˆ
N
M
)
−
1
2
iQM
]
ǫ
+
1
16 · 5!
ieφF˜P1···P5Γˆ
P1···P5ΓˆMǫ
−
1
96
eφ
(
ΓˆM
NPQGNPQ − 9Γˆ
PQGMPQ
)
ǫ∗, (1)
where κ is the gravitational coupling constant and
PM =
1
2
ieφ
1 + iτ ∗
1− iτ
∂Mτ,
QM = −
1
4
eφ
(
1− iτ ∗
1− iτ
∂Mτ +
1 + iτ
1 + iτ ∗
∂Mτ
∗
)
,
GMNP = i
(
1 + iτ ∗
1− iτ
) 1
2
(FMNP + τHMNP ) ,
F˜MNPQR = FMNPQR + 10C[MNHPQR]. (2)
The field strengths are defined as
FMNPQR = 5∂[MDNPQR], FMNP = 3∂[MCNP ], HMNP = 3∂[MBNP ]. (3)
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The 5-form field strength F˜MNPQR must satisfy the self-duality condition ∗F˜M1···M5 =
F˜M1···M5. The transformation parameter ǫ is a complex spinor satisfying the chirality
condition Γ¯10Dǫ = −ǫ. The unusual term proportional to ∂Nφ in δψM is due to the
use of the string frame.
For later convenience, we redefine the transformation parameter as
ǫ˜ =
(
1 + iτ ∗
1− iτ
)− 1
4
ǫ, ǫ˜∗ =
(
1 + iτ ∗
1− iτ
) 1
4
ǫ∗. (4)
It is easy to show that in terms of ǫ˜ the derivative term in δψM looks simpler
(
∂M −
1
2
iQM
)
ǫ =
(
1 + iτ ∗
1− iτ
) 1
4
(
∂M +
1
4
ieφ∂Mχ
)
ǫ˜. (5)
3. The solution with non-vanishing 2-form fields
The noncommutative super Yang-Mills theory is described by a solution of the
type IIB supergravity with non-vanishing BMN field [3] in the Seiberg-Witten limit
[1]. Before taking the limit the solution has the metric
ds2string = GMNdx
MdxN
= f−1/2h′
[
−(dx0)2 + (dx1)2
]
+ f−1/2h
[
(dx2)2 + (dx3)2
]
+f 1/2δijdx
idxj, (6)
where
f = 1 +
α′4R4
r4
, r2 = δijx
ixj ,
h−1 = sin2 θf−1 + cos2 θ, h′−1 = − sinh2 θ′f−1 + cosh2 θ′. (7)
The radius R is given by R4 = 4πgN(cos θ cosh θ′)−1. We have decomposed the
world indices as M = (µ, i) (µ = 0, 1, 2, 3; i = 4, 5, · · · , 9). Other non-vanishing
fields are
e2φ = g2hh′, χ = −g−1 sin θ sinh θ′f−1,
B01 = tanh θ
′f−1h′, B23 = tan θf
−1h,
C01 = g
−1 sin θ cosh θ′h′f−1, C23 = −g
−1 cos θ sinh θ′hf−1,
D0123 = g
−1 cos θ cosh θ′hh′f−1 (8)
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and Dijkl determined from the above D0123 by the self-duality condition of F˜MNPQR.
The constants θ and θ′ parametrize the asymptotic values of B23 and B01 for r →∞.
The existence of non-vanishing χ, B01 and C01 means that D(−1), F1 and D1 branes
enter into the bound state.
We also need the spin connection ωM
AB for the metric (6). From the torsionless
condition ∂[MeN ]
A + ω[M
ABeN ]B = 0 the non-vanishing components are obtained as
ωµ
aI = −
1
4
(
1 + 2 sinh2 θ′f−1h′
)
h′
1
2 f−
3
2∂ifδ
iIδaµ (for µ = 0, 1),
ωµ
aI = −
1
4
(
1− 2 sin2 θf−1h
)
h
1
2f−
3
2∂ifδ
iIδaµ (for µ = 2, 3),
ωi
IJ = −
1
2
f−1∂jfδ
j[Iδ
J ]
i , (9)
where we have decomposed the local Lorentz indices as A = (a, I) (a = 0, 1, 2, 3;
I = 4, 5, · · · , 9). For later convenience, we define Γˆr = x
i
r
Γˆi as the gamma matrix
for the radial (r) direction.
4. Supersymmetry with non-vanishing 2-form fields
The final task is to substitute the solution (6), (8) into the supersymmetry trans-
formations (1) and obtain the conditions on the transformation parameter ǫ for
unbroken supersymmetry. Since the fields in eqs. (6), (8) depend only on the radial
coordinate r, some expressions in the supertransformations become simpler. For
example, we obtain
Gµνr = i
(
1 + iτ ∗
1− iτ
) 1
2
(∂rCµν + τ∂rBµν) (10)
and other components of GMNP vanish. Only the M = r components of PM , QM
are non-vanishing. The vanishing of the supertransformation of λ in eq. (1) then
requires
ǫ∗ = −
1
8
eφGµνrΓˆ
µνǫ (Pr)
−1
. (11)
Substituting (8) we obtain more explicit condition
ǫ˜∗ = −f
1
2
(
sin θh
1
2 + i sinh θ′h′
1
2
)
−1 (
h
1
2 cos θΓ0123 − ih′
1
2 cosh θ′
)
Γ01ǫ˜. (12)
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We then consider the condition from δψM = 0. By using the self-duality of
F˜M1···M5 and the chirality condition of ǫ we find that the 5-form field strength term
in δψM becomes
1
5!
F˜NPQRSΓˆ
NPQRSΓˆM ǫ˜ = 2F˜0123rΓˆ
0123ΓˆrΓˆM ǫ˜, (13)
where F˜0123r = ∂rD0123 + C01∂rB23 + C23∂rB01. The G terms are simplified as
−
eφ
96
(
3Γˆµ
νρiGνρi − 18Γˆ
νiGµνi
)
= −
eφ
16
f
1
2
(
h−1G23rΓ
0123 + 3h′
−1
G01r
)
Γ01Γˆµ
r (14)
for µ = 0, 1,
−
eφ
96
(
3Γˆµ
νρiGνρi − 18Γˆ
νiGµνi
)
= −
eφ
16
f
1
2
(
h′
−1
G01r + 3h
−1G23rΓ
0123
)
Γ01Γˆµ
r (15)
for µ = 2, 3, and
−
eφ
96
(
3Γˆi
νρjGνρj − 9Γˆ
µνGµνi
)
= −
eφ
16
xj
r
f
1
2
(
h′
−1
G01r + h
−1G23rΓ
0123
)
Γ01
(
Γˆi
j − 3δji
)
(16)
for i = 4, · · · , 9. Note that the summations of ν, ρ on the left-hand sides run 0 to 3.
We use these formulae and substitute eq. (11) into ǫ∗ in δψM . For µ = 0, · · · , 3
the spin connection term and the ∂jφ term cancel with the real part of the 3-form
terms in eqs. (14), (15), whereas the 5-form term cancels with the imaginary part
of the 3-form terms. Thus, we find a simple result
κδψµ = ∂µǫ. (17)
Therefore, δψµ = 0 requires that the transformation parameter ǫ is independent of
xµ.
Substituting eqs. (11), (13), (16) into eq. (1) the supertransformation of the
Rarita-Schwinger field for i = 4, · · · , 9 becomes
(
1 + iτ ∗
1− iτ
)− 1
4
κδψi =
(
∂i +
1
4
ieφ∂iχ
)
ǫ˜+
(
1
4
ωi
IJΓIJ +
1
8
∂jφΓˆ
j
i
)
ǫ˜
−
i
8
xj
r
eφF˜0123r(hh
′)−1fΓ0123ΓˆjΓˆiǫ˜
−
1
64
e2φf (Pr)
−1 x
j
r
(
Γˆi
j − 3δji
)
×
[
2(hh′)−1Γ0123G01rG23r + h
′−2G201r − h
−2G223r
]
ǫ˜. (18)
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There are four kinds of gamma matrix structures on the right-hand side: Γi
j,
Γi
jΓ0123, δji and δ
j
iΓ
0123. The terms with the first two structures are shown to
vanish. The remaining terms are
(
1 + iτ ∗
1− iτ
)− 1
4
κδψi = ∂iǫ˜+
i
4
sin θ sinh θ′(hh′)1/2f−2∂if ǫ˜
+
3
16
(h cos2 θ + h′ cosh2 θ′)f−1∂if ǫ˜
+
i
4
cos θ cosh θ′(hh′)1/2f−1∂ifΓ
0123ǫ˜. (19)
The functions on the right-hand side can be written as total derivatives
i
4
sin θ sinh θ′(hh′)1/2f−2∂if = −
1
4
∂i log
h′1/2 sinh θ′ − ih1/2 sin θ
h′1/2 sinh θ′ + ih1/2 sin θ
,
3
16
(h cos2 θ + h′ cosh2 θ′)f−1∂if = −
3
16
∂i log(hh
′f−2),
i
4
cos θ cosh θ′(hh′)1/2f−1∂if =
i
4
∂i log
h′1/2 cosh θ′ + h1/2 cos θ
h′1/2 cosh θ′ − h1/2 cos θ
. (20)
It is easy to see that the condition δψi = 0 determines the transformation parameter
as
ǫ = (hh′f−2)
3
16
(
1 + iτ ∗
1− iτ
) 1
4
×
[
h′1/2 sinh θ′ − ih1/2 sin θ
h1/2 sinh θ′ + ih1/2 sin θ
] 1
4
[
h′1/2 cosh θ′ − ih1/2 cos θΓ0123
h′1/2 cosh θ′ + ih1/2 cos θΓ0123
] 1
4
ǫ˜0, (21)
where ǫ˜0 is an arbitrary constant spinor. Substituting eq. (21) into the condition
(12) we find
ǫ˜∗0 = Γ
01ǫ˜0. (22)
Eq. (21) with a constant ǫ˜0 satisfying the condition (22) is our final result on the
parameter of unbroken supersymmetry. From eq. (22) half of the 32 supersymmetries
are preserved. Thus, we have 16 supersymmetries in four dimensions for the solution
with two non-vanishing components of the 2-form fields. Taking θ′ = 0 it goes back
to the solution for one non-vanishing component, and further taking the decoupling
limit r → 0 with some parameters kept constant, it becomes AdS5 × S
5 in the
near horizon limit [3]. These particular cases also have 16 supersymmetries in four
dimensions.
8
This result should be compared with the one in the case of vanishing BMN
(θ = θ′ = 0). In this case the δλ = 0 condition is automatically satisfied and one
does not obtain eq. (11), which relates ǫ∗ to ǫ. The unbroken supersymmetries are 16
xµ-independent ǫ satisfying iΓ0123ǫ = ǫ and 16 xµ-dependent ǫ satisfying iΓ0123ǫ = −ǫ
[14]. The former 16 correspond to Poincare´ supersymmetry in the four-dimensional
view point, while the latter 16 correspond to conformal supersymmetry.
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